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Tunnel transitions and vacuum polarisation in the potential
well under the influence of an electric field+

V P Oleinik and Ju D Arepjev

Institute of Semiconductors, Academy of Sciences of the Ukrainian SSR, prospect Nauki
115, Kiev, 252028, USSR

Received 30 March 1983

Abstract. The exact solution of the problem of the vacuum polansation and tunnel
transitions of an electron out of the potential well under the influence of an electric field
is obtained. The conclusion drawn earlier concerning the existence of the intense vacuum
polarisation mechanism by the external field, for which the number of electron-positron
pairs created in the field is proportional to the energy levels width of elementary electron—
positron excitations, is confirmed. The estimates of the pair creation probability allow us
to think that the atom ionisation in a steady electric field is accompanied by creation of
electron—positron pairs which can be quite well registered experimentally at the relatively
weak fields. It is shown that at the sudden switching on of an electric field, the value of
the tunnel current of electron emission out of the well is affected appreciably by allowance
for the positron band.

1. Introduction

In this paper the non-stationary problem of the vacuum polarisation and tunnel
transitions out of the potential well under the influence of an electric field & switched
on instantaneously at some moment of time is considered. The tunnel current occurring
both in the one-electron state which corresponds to the bound electron state in the
potential well before switching on the field € and in the vacuum state is calculated.

The electron tunnelling out of the potential well and the creation of electron—
positron pairs are due to the decay of quasistationary states being formed in an electric
field. When considering these phenomena we use the Drukarjev’s method (Drukarjev
1951), which offers the most rigorous and consistent way of describing the decay
processes.

As is seen from a comparison of the results obtained and the non-relativistic
tunnelling theory results (Oleinik and Arepjev 1983), when considering the electron
tunnelling out of the well in the case of sudden switching on of an electric field it is
important to take into consideration the positron band which markedly affects the
value of tunnel current. For the one-level well the maximum value of tunnel current
is considerably larger than that in the non-relativistic theory.

The exact solution of the vacuum polarisation problem given in the paper confirms
the conclusion drawn earlier (Oleinik 1981) concerning the existence of the pair
creation mechanism for which the number of pairs created in an external field is

 The main ideas of the present paper are briefly outlined in Oleinik and Belousov (1983).
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proportional to the energy level width of elementary excitations of the electron-
positron field. According to numerical estimates presented, the vacuum polarisation
due to the appearance and decay of quasi-stationary states is considerably stronger
than that caused by the steady and uniform electric field in the absence of the potential
well (Schwinger 1951).

In § 2 the general formulae for the electron current density in one-electron and
vacuum states are given. In § 3 the correction to the energy and the width I of the
quasi-stationary electron level in the well are calculated. The formula for the electric
current of electron—positron pairs created in an electric field is derived. The calculation
of the electron tunnel current out of the well is given in § 4. The formulae for the
wavefunctions of a relativistic electron in the well and in an electric field are presented
in the appendix.

2. General formulae for the electric current density

Let us consider the electron—-positron system in the potential well
Vo(z) ==V,8(z+L)6(-2), Vo>0, (1)

where V, and L are the depth and the width of the well. The electron—positron field
operator of the system in the Schrédinger picture may be represented in the form (for
simplicity, we confine ourselves to investigating the one-dimensional model):

> -m
‘IIO(Z’ t) = Z (J’ dp() aPt)U"’(P(P:C)W(Z) e“Pu‘+J. deB;(JOV‘P;?;;‘v(Z) e—lp(,l)

ov m

+ Y Qoo (2) € 7P, (2)
na

In this expression ¢p0.(2) and ¢4 (z) are the solutions of the Dirac equation in the
field (1) (see appendices); the signs ‘+’ and ‘~’ correspond to the electron and positron
states, respectively; the functions ¢, and ¢\’ describe the continuous spectra states
and the bound states of electron in the well, respectively; p, and o are the energy and
the spin quantum number, v (» = £1) is the quantum number characterising the doubly
degenerate states with the fixed values of p, and ; n is the quantum number pertaining
to the discrete electron levels with the energy po, in the well; a,,., B;Om, and «a,, are
the second quantisation operators for the fermi-particles obeying the ordinary anticom-
mutation relations and equalities ,0,|0) = B,,5.|0) = @,,[0)=0 (|0) is the vacuum

ket-vector).
Let us suppose that at the moment of time ¢ =0 in the range z > 0 the electric field
with intensity & is switched on. The total potential energy of the system is given by

Viz, t)=Vy(z)— e, €26(2)0(1), e €>0. (3)

The electron—positron field operator in the electric field is now written as follows

vz, t>=z(j APty o 012, z>+j Apo B2

ov m

+§ el (2, 1). (4)
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Here ¢, (2, 1) and ¢')(z, 1) are the Dirac equation solutions in the field with the
potential energy (3) satisfying the initial conditions:

() (2,0)= oo (2), W (2,0)= ' (2). (5)

The electric current density in the vacuum state |0) and in the state a;,|0) corres-
ponding to the bound electron state in the well is defined by the formulae

julz, 1) = eOI¥7 (2, Na, ¥(z, 1)[0),
jna'(29 t) = e(0|am,‘lf+(z, t)az‘p(zv t)a:al(])a ;= YoY:

Substituting the field operator expression (4) into (6) we arrive at the following
relationships:

(6)

Z t —eZJ dpo[‘,[lpoo-,,(z, ] a, poav(z t)

. (7)
Jno (2, 1) = ju(2, D) + e[ (2, )] ey (2, 1).

With the aid of the formulae in the appendices one can easily prove the equalities

[‘ppna'v(z)] az‘Ppoow(z)_ V(ZWIB(IUD_!’

(8)
(@4 (2)) a0 (2)=0.
It is seen from (7) and (8), that
Jolz, ) =ju(z,)=0 at =<0 (9)

The quantities j, and j,, have the following physical meaning: J, is the electric current
density produced by electron—positron pairs created under the influence of the electric
field, j., is the tunnel current density (the emission current) out of the potential well.

According to (7) the calculation of the electron current density reduces to evaluating
the wavefunctions ¥'7),(z, 1) and (. (z,t). We expand these functions in terms of
the exact solutions of the Dirac equation in the field

V(z)= Vy(z)— e, €26(z2) (10)

(see appendices). The expansions mentioned above are of the form (at t=0)

+m

d’;;()rv(z9 t) = J dp’O exp(—lp([)t) Z apéa'(pan)¢péa’(z)’ (11)

+m

dj(+)(z9 t) - J’ dpE) exP(_in)t) Z apba’(n0)¢pécr'(z)9 (12)
where a,..(poov) and a,,.(no) are the constant coefficients defined by the initial
conditions (5), the functions ¢,,,(z) being determined by the formulae (A2.2). In
the expansions (11)-(12) we have retained only the eigenfunctions ¢,,,(z) with the
energy po€ (—m, +m). Allowance for the eigenfunctions with energies lying outside
the above mentioned interval would allow one to calculate the wavefunction part which
describes the spreading out of the wavepacket in time (Drukarjev 1951, Oleinik and
Arepjev 1983); in this paper, however, we shall not be interested in the spreading out
of the wavepacket in time. In this case the main contribution to the electric current

density comes from the poles of integrands in (11)-(12) which occur only at
Re poe(—m, m).
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3. Electron—positron pair creation

Let us consider the wavefunction ¥5..(z,t). The expansion coefficients (11) are
expressed by the formulae
+o0

ap{,o'(POO'V) = J’ dZ d’;{)a’(z)(p(p:c)rv(z)

= (p(l)_p())kl j.o dz ¢;(‘)0"(Z)Hlm(z)‘p;);;v(z)’ (13)

H,(2)=—e 8z
Making use of the formulae in the appendices for the wavefunctions ¢,,,- and qoﬁ,}fw
the coefficients (13) may be transformed into the form

2m*8*'d, o e
Po—Dp {r[e* AT (Pos po) + ¢5*AS (o, Po)]
0~ Po

+rOLe* AV (po, po) + €AY (po, po) 1} (14)

ap(',a"( pOUV) = _80'0

where the following notation is used

~ , +
Aa*>(p'o,po>=eo%’f dz(%(in')dre*”“”i—ﬁ%_lan’))zexp(xixlz), (15)
0 \/ €o
oc ) + 1 .
A‘z*)(pa,po)=eo%_[ d2<@-u-1(n’)+e‘”“p° K’-—@-.A(n')>zexp(*m12), (16)
0 ‘/260% /\

(F) — p() kp(=1)
ri =Bt yiBs
(F) — (1) (-1
roy=v.Ba+B= .

Taking into account the equalities (14) and (A2.2) the wavefunction, wﬁ,;,),y may
be written as follows (at z>0)

' =2(2e,%) " (pht+e,Ez) e

+m

Yooz, ) =—(Q2m) 'd, e™? J dp exp(—ipst)(ph—po) ™!

X{r 7 [e* AT (o, po) + €5¥AS( b, Po)]

+r 0 * ATV (ph, po) + c5*ASY (Db, po) 1}
1 . , st e .,

X(?; ux(id/dz)2_ i (n )+ A/ ug(id/dz)D;, - (in )>, (17)
1

where the prime (') means that in the corresponding quantity one ought to replace p
by po (for example ¢i = ¢;|p-p)-

The integrand poles in (17) coincide with zeros of the functions ¢}* and c%¥. Taking
into account (A2.3), we represent the equalities ¢f =0 (n=1,2) in the form

(@t +d%)/(af —d¥%,) = ky/(Vo—ia}), (n=1,2), (18)

where

d
a1=—-e“"’/4(2eoig)1/2——1n Dia—1(ine), (19)
dnq
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a,=—e"'""*(2e, %)‘/Zf—oln D_ix(m0).
We confine ourselves to investigating the weak electric field, for which the condition
A»1 (20)
is fulfilled. In addition to (20) we shall henceforth assume that
A»A=pE>1, ATVPA=B 51, o=pe(2e8) V2 (21)

Assuming the inequalities (20)-(21) to be satisfied, we turn to computing the
asymptotic formulae for the functions 9_;,(n,) and %;,-,(ine). These functions satisfy
the equation

d*e/dy*+(4y*—b)e =0, (22)

where y=2p,, b= A +31i. According to Abramowitz and Stegun (1964) the linearly
independent solutions of (22) are of the form

e (Po) = (b= p5)™""* exp{x[—Po(b—p3)"/*— b sin™'(Pob™"?) +4d5(b ~ p3) "]}, 23)
3=‘b_ (EPo_bPO)-

The formulae (23) may be derived by the s wkB method. We represent the functions
@_ix(mo) and Z;,_,(imo) in the form of linear combinations of the functions ¢ *’; in
particular

D_ix(m0) = 107 (Po) + 2207 (Bo), (24)

where the constants a,, (n=1, 2) may be defined by using the known expressions for
the parabolic cylinder functions at p,—> 0. A simple calculation leads to the following
formulae

/2 g=mrg-1-in/2 (A *‘21)1/4

a; = e ™2 — a,=2(e

ST " ~Hay. (25)

Making use of the presented relationships and retaining throughout only the largest
terms, we obtain

a,=—(3¢0%)""*(d/dpo){ln ¢ Fe ™ o720},
2

Then with the aid of the equalities (23) we find:

a,=x tAa,,
2

Aa, =—(eo&/2x3)(po—ix;) £ix, exp(—$(A — p2)/2A~1/?), (26)
The substitution of (26) into (18) gives
G(po) = (k3—x%~= V3)sin k,L —2x,x, cos k,L
= (Aa.)*[x; cos ko L+ (%, =iV,) sin k,L]. 27

If an electric field is absent the iast equality goes over into the dispersion equation
G(po) =0 (A1.8) defining the energy levels of the bound electron states in the well.
Denoting the roots of the equation (27) by po, = pi + Apo, —il'(®, where p{Q are the
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roots of the dispersion equation (A1.8), we obtain the following equation for defining
the quantities Ap,, and I'}":

G(Po)/ dPolp,=p0(APo, —iT57) = (Aa.)*[ k2 cOs koL + (%, =1 V) sin kL] = o0 (28)
From (28) we get

1 ey& 2 +Vo\7!
AP0n=“_‘e‘0"'“K—2<1+%’¢1L ko ) :
Po=Puon

8 VO(pO+%VO) Po"'%vo (29)
242 +Vo\™!
I‘(,‘*)=:t——-———x1K2 exp[—3(A —p2)*2a"V2 (1+lx LM>
4mVo(po+3 Vo) Pl po ] 2 Po+1Vy Pa=pin

The quantities Ap,, and T'\” represent the shift and the width of energy level of
a quasi-stationary state appeared in the electric field. In order to compare these
quantities and the analogous ones (AE, and I',,) of the non-relativistic theory (Oleinik
and Arepjev 1983), we pass to the non-relativistic energy reading by putting

po=m—V,+E (30)
Then
x =[2m(V,—E)]"?, ky=(2mE)"?,

(31)
eam)'?

A— P22V
( po) e

(Vo E)"?=3
Using the last formulae and retaining only the largest terms, we obtain (in the ordinary
system of units)

V2 heo€
mcV,

E
Apo, =—8(2mc’E 1/2( )
Do §(2mc°E) Vo—E

(1+%7¢1L)_1\E=E("m7
I®=x(V,~ E)—-—exp( 201+, L) e o g

The quantities Ap,, and I'"” coincide exactly with the non-relativistic ones (AE, and
r,).

At t—2z>0 the integration path in (17) may be closed in the lower half-plane of
the complex variable pj. Taking into account that it is only the function (c¢{*)™' that

has singularities in the lower half-plane of pj and retaining in (17) only the singular
terms, we obtain

Gz ty=id, e™/?Y, Res {e "(py—po) ' ct*/ct*

n po=pon
X[ A (pb, po) + 1LV AL (PG, po)lus(id/d2) 2o, (n")}, (33)
where the symbol Res,:~,, means the residue in the pole defined by the formula
Pon = Pon + 8po, —il'y".

For convenience, we represent the expression (33) in the form

poov(z, t) z 8nv Po) e—lpo,‘ on(l d/dZ) —lA(nn)5 (34)



Tunnel transitions and vacuum polarisation 1835

g (o) =d, e™ A2 expli(A In A —=A =37))( pon = po) (1 +3%,,L) "

X (x%ann/zmz VO)["(V_)A(Z—)(pOm pO) + r(+)A(+)( Dons pO)] exp(_zfn)9

~2)3/2A (35)

X1n = J"1{I7o=l70n’ Kon = K2‘P0_P0n g 3(A 1/2‘P0=P0n’
Uen(1d/d2) D1 (1) = U (1d/d2) D-ix ()] 5=, M0 = 7 pg=pon-
In deriving the relationships (34)-(35) we have used the equality

C; 1/2 : 1 x%n"%n exp(—-zfn)
Res —=—-A""e AlnA—A—3; . .
pomen CF xpli( am)] 2m2V, 1+ix,,L

Let us calculate the electric current density in the state (34) keeping only one term
in the sum over n:

[Won ) eyt =2m* e ™ ?|g,, (po)| exp(=2I'7 (1= 2)). (36)
Here the equality
CA/3 2FtIg e éz
'@—i)\(nn)'z_A'@—M—l(nn)iz=e A2 eZI‘" ’ (;om»l>

is taken into account.

Further calculation of the vacuum current density reduces to the calculation of the
coefficients AS™(ph, po) defined by (15). With the aid of the asymptotic formulae (23)
and (24) we obtain the following representation:

1/2 (/\ +li)1/4
A(i) r’ =e & |rr/42~1/\/2(7_7> 2 (1 + )I , 37
2 (Po PO) €y¢ € A F(%(lA‘f‘l)) )\1/2 1 ( )

where

o z ﬁ(’)z
1,=J’ dzu_—-/z)lzexp( 2J dx(/\—x2+%i)”2:FiK,z),

0 0 (38)
Po.=(po+ eogz)(zeog)_l/z, K= K1(2eo%)_”2-
The integration in (38) by parts using the equality
e?'? dz =[dG(z)/dz]" de®'?,
where
Bé.
G(z)=-2 J dx(A —x*+3)Y?Fix, z,
0
yields
©  zexp G(2) vian -, e
J Qe e = (2e) ™ (=B A = ) i
0
28
Xexp(—-2 J dx(A —x2+%i)”2>. (39)
0

Taking into consideration the equalities (37)—(39) we arrive at the following representa-
tion for the coefficients A5 ( ph, pn)

AS(ph, po) =3(3m) 22742 T AT (LAY (L + (ot Ra)/A M)
N =BT = B iR T explBA T A - DAL (40)
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With the aid of relationships (35), (36) and (40) we find

P = - (=)
Joon =2 (Woem T o,
av

1 mK;n K 2 "%n ¢ -27 1 -2
- . 5 ) e % (1+3x%,,,L)
8A% Vixin \pont|pol/ \pS—pin

x ¥ a0+ QP exp[—2I (1= 2)]. (41)

v=x1
Here the following notation is used: Q4= Q™(py,, po),

Q¥ (po, po) ==(1¥Fiky/x1)*(1F x1/ (| pol + m)),
L =3(2m)"?/ ee€)( Vo= En) >, E,=po,—m+ Vo.

Making use of the equalities (16), (A1.12) and (A1.13), one can readily derive the
formula
% A BI04+

v==x1

= (87m*) ™ (| po+ 3|/ kDO P+ po— 1)/ m2 QL
+[BV O QF BN BED 4 o) (42)

The quantity j, . decreases as p;°® at pg» m’.
Let us confine ourselves to the non-relativistic values of the quantity py:

|pl=-m=A<V,~E,

In this case the expression in curly brackets in (42) slightly depends on p, and equals
unity in the order of magnitude. To obtain the numerical estimate, we replace this
expression by unity. After some simplifications we obtain:

En 2 _ 1/2 Vv, _En 4 s B
j”""=”_](8Av> (;‘1/;0[;) <|p(|)_p ) e (143x1,L) 7 exp[=20" (1= 2)],
0 0 n 0 On
(43)

According to (43) the dependence of the quantity j,, on the field is of the form:
Joon ~ (€,&)°T}.

The appearance of the factor exp[—2T'{"”'( — z)] in (43) allows one to interpret the
quantity j, .dp, in the following way. This quantity is a flux of electrons created in
pairs together with positrons in the well under the influence of an electric field € and
moving away from the barrier in the direction z >+ at the velocity of light, the
energy of positrons formed in the field lying in the range (—py, —po— dpg). It is obvious
that the quantity —e, [_7 dpgjp,n=Q at t—2>0, z- + is the total electric charge
of electrons created per unit time in the field under consideration. The peculiar feature
of the given model consists in the fact that in the range z > —co the positron flux does
not occur; the total electric charge of positrons equal to —Q is concentrated near the
boundary z=-L of the potential well.

Let us estimate the quantity

jun = J dejPOn-

—{m+4)
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assuming that the condition A« V,—E, is satisfied. We may approximately put:

-m 172 4

-m Vo—E, -
J dp0<|p0‘ > ( 0 ) =§A3/2(V0—E,,) 12
—(m+a) Vo—E, ‘Pot—POn

Estimate the vacuum current for the following values of parameters of the problem

€=5%x10°Vem™', Vo=1eV, E,/V,=13, A/(Vo—E,) =%  (44)
Write out some auxiliary quantities
b=V, e€=02%10"°cm, A =m2c*/2he,€=1.3%10°,
A—p3,=0.3x10°% 2, =4.8.

Putting additionally =L ~ 1, we obtain
jon ~ 10710571, (45)

It should be emphasised that the pair creation probability in electric field in the presence
of the potential well is by no means exponentially small. Remember that according
to Schwinger (Schwinger 1951) the pair creation probability in an electric field in the
absence of the well is proportional to the exponent e ~>™ which equals exp(—8 x 10°)
for the chosen parameters (44). Compare this quantity with the exponent exp(—2¢,)
involved in (43): for the same parameters the latter exponent is equal to exp(—4.8)!

4. Electron emission

Now we turn to calculating the tunnel current of electron emission defined by the
wavefunction ¢4;)(z, t) (12). The coefficient a,;,(no) in (12) is expressed by

1 x
apéa’(no') = (0) J' dz d’poa (Z)Hlnt(z)¢(+)(z)
Do~ Don Jo

Using the formulae in the appendix we obtain the following representation
ap{)o-‘(na') = "'2"125-:65 (dln + d—ln)(pO pOn)“

X[cF(po)A1(po, PO+ cX(Po)As( Py P 18010 (46)

A (Po,PB(i.))—eo?gJ‘ dz[Dir(in') + (P —i%1,) €7 Din_y(in)]z €717,
(47)

* l i ’ —-%x,,. 2
As(po. p“”)—eo%J' dz[D_a(n’ )+(p§f33—m1n)/\ e, (n)]z e,

where
Bon = Pon/ (2e08)""%, in =21/ (2608) e i,
n =e_m/4[2/(2eo 1/2](170'*' €0 %z).

The formulae (46) and (47) are analogous to (14) and (15). As is seen from (47) and
(15) the coefficient A,,(p§, pyn) may be obtained by the substitution Fik;—> —x,,
Do~ P made in the formula for A(p}, po).

Using the formulae presented above and performing the calculations in the same

way as in the preceding section, we obtain the following expression for the wavefunction
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(at t—2z>0,2>0)
, . d
'1151:;)(2, t) =Z gﬁl(n) exp(—‘lp()rﬁt)uarﬁ<l a;) @—i/\(nﬁl)’ Nm =n Po=Pom?

ga(n)=8,(d,+&_;,) e™ A\ expli(A In A —A —37))
X (pom = Pon) (1 +32,,,L) 7"
X [(%2,k35)/ 2m* VoIAs(Porm, piexp(—28). (48)

Calculate the electron current density in the state ¢,/ (z, t) keeping only one term
in the sum over /i in (48):

_(w(‘#)] azd’no __2m2 e—'m\/Z\gm(n)\Z =2U% = z) (49)

Further, take into account the equality

—2x,L (0)

|‘5"1"’f’7—1’2=e (at po=pon)

and make use of the formulae for the normalisation constant &, (see appendices) and
for the function AY”(p}, po) (40). The final result is:

E.(E:\*{ Vo—Es\’ -
jn=[2m(Vo—E)]2 =2 v, (V) (m) AV (1 +3x,,L) 7
0 ”m On

_ exp[ '2 )3/2/\—”2]
X(l""‘%xlrﬁL) 2( — ~2m)1/2[(/\ 2 )1/2+?‘21n]

sexp[—2I(1—2)].
(50)

Consider the case of the one-level potential well. Assuming ri =n and using
formula (34) for the energy level shift, we arrive at the following expression for the
tunnel current

]n)! :=0=2E,[{Vo—E,)/ Vo](1+2’¢1nL) ICXP[_‘(A 0")3/2/\—1/2]. (51)
For the chosen values of parameters (44), we obtain
Ja~4x10"2s71

Note that expression (51) coincides exactly with the formula for tunnel current
derived within the stationary non-relativistic theory, which corresponds to the adiabatic
switching on of an electric field. At the same time the tunnel current (51) is much
greater in magnitude than the emission current being predicted by the non-relativistic
theory in the case of sudden switching on of an electric field (Oleinik and Arepjev
1983). Thus, the tunnel current value (at sudden switching on of the field) is affected
appreciably by allowance for the positron band.

According to the relationships (43) and (51) the electric current densities in the
vacuum state and in the one-electron state corresponding to the discrete level in the
well contain one and the same exponential factor. The difference between their
pre-exponential factors is, however, very considerable. This is due to the fact that in
the present problem the electron-positron pair creation is a two-step process: first,
under the influence of an electric field the negative-frequency electrons go over to the
discrete levels in the well with the probability proportional to €2 and then the tunnel

passage of electrons out of the well through the barrier formed by an electric field
takes place.
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The electron—positron pair creation mechanism investigated in the paper is due to the
appearance of the non-zero width of energy levels of elementary excitations. In an
electric field the electron-positron vacuum is polarised and transformed into the
unstable medium, the elementary excitations of which are disintegrated and owing to
this induce the tunnel electric current.

As is known (Landau and Lifshitz 1958, Blokhintsev 1961) the atom ionisation in
a steady electric field is the tunnel electron transition through the potential barrier
formed by the field. The tunnelling in an electric field seems to be a phenomenon
which may be accurately enough described by means of the one-dimensional potential
well model. Therefore, the results presented here allow us to think that the atom
ionisation in an electric field is accompanied by processes of the electron—-positron pair
creation, which may be quite well observed at relatively weak fields. Really, assuming
the pair creation probability in the hydrogen atom field and in an electric field to be
equal to (45), we find out that each second in 1cm? of the hydrogen gas taken at
normal conditions the pairs are created with the total energy of the order of 107 J.

As was explained above, the distinctive feature of the model considered in the
paper is the absence at z- — of the flux of positrons created in the well. It is due
to the fact that the applied field € is different from zero only at z> 0. One may show
that if the field & is non-vanishing at all values of z there will be a potential barrier
at z <0 and, consequently, a flux of positrons will occur at z > —c0. Positrons penetrat-
ing the barrier may reach the plate of a capacitor and annihilate with electrons of the
plate, producing destructions (microexplosions) in it. This process of annihilation need
not be accompanied by the X-ray emission.
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Appendix 1. Wavefunctions of the relativistic electron in a potential well and in an
electric field

We seek the solution of the Dirac equation

(10—yoV~m)e(z,t)=0 (A1.1)
in the field with the potential energy V = V(z) in the form
®(2,t) =exp(—ipot +ip.x +ip,y)u,(id/dz)¢(z), (o==1). (A1.2)
Here

a=yo-a-+~/—a-, p.=p. %ip,,

at ar

po— V+m+id/dz D-

ul(ii)= -p. . W <ii)= po—V+m+id/dz
dz —po+V+m—id/dz|’ "\'dz P ’
D+ Po—V—-m+id/dz

(A1.3)
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The function ¢(z) satisfies the equation

[d%/dz*+idV/dz+(po— V)*—m*=pi—p31¢(2) =0. (Al1.4)
The potential well. The solution of the equation (A1.4) in the field
V=—-Vo0(z+L)8(~-2) ( V, =constant) (A1.5)

must obey the following continuity conditions
¢(z)'z=—L+o=¢(Z)'z=—1_—o,
d¢(2)/dz|,=-1+0=d¢(2)/d2]. o +iVed(-L),
¢(2)|:=+0=¢(2)]:=-0,
dé(2)/dz|,=v0=d¢(2)/d2],=-—iVoé(0).

These conditions may be derived most simply by integrating the equation (A1.4) over
two ranges lying in the vicinity of the points z=-L and z=0.

The wavefunctions describing the electron bound states in the field (A1.5) are of
the form (p2<m?+p3, p2 =p2+p3):

(Al.6)

+

@ (r 1) = (2) exp(—ipoat +ipX +ipyy),
(P(,:,)(Z) = 5num7(i d/dz){6(-z—-L) e*1"*+0(z+L)0(—2) (A1.7)
X(a-ln eik2"2+a~_‘n e—lk2nz)+0(z)(a~1n+a‘_ln) e—’¢1,12}’

where

an = 5|P(>=Pg:‘)’ urur(i d/dZ) = uo’(i d/dz)|P()=P(o(:u) etc
|82 =4x,k3m 2 V5 (2po+ Vo) [1+ %, L(po+ Vo)/ (2po+ Vo)1  exp 2x, L,
d&, =31+ 0(Vo—ix,)/ k2] explion,L —x,L),

x1=(m2+pi—p3)l/2, ka={{po+ Vo)z_mz_PiJI/z-

The wavefunctions ¢! obey the orthonormalisation condition

J dz[@(2)] ¢\70(2) = 8508
The quantities p{, representing the energy levels of electron bound states, are the
roots of the dispersion equation

(k3—=x3~V3)sin k,L—25%,x, cos x,L =0. (A1.8)

For simplicity, we confine ourselves to considering the shallow potential well Vy« m.
In this case the equation (A1.8) has the roots only if the inequalities (py+ V,)>—m?—
p2>0, pi—m?—p? <0 are fulfilled. Note that these inequalities can be carried out
simultaneously only for electron states, i.e. at p,> 0.

We shall from now on put p, = p, =0, confining ourselves to the one-dimensional
problem with the variable z.

The wavefunctions of the continuous spectra states ( p5 = m?) are defined by

P (2, 1) = exp(=ipot) @ b 2),

d S+ yre(z atv=1
¢§;§<)7V(Z)=duuu(l—“){‘pl Ei)) ')’I‘P(il)( ) -
dz/ L yei7(2)+ @5 (2) atv=-1,

(A1.9)
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where the ‘+” and ‘—’ signs correspond to the electron { p, = m) and positron ( py< —m)
states, d, is the normalisation constant, the constants y; and vy, are defined by the
equalities

(x) _
v a, a— V_O7
bl ez (A1.10)

J dzlebi ()] ehir(2) = 8,48,,8(po—Ppo).

The functions ¢'*’(z) are of the form:

@' (z2)=6(—z—L) exp(ivk,z)+ 0(z+ L)0(—z)(a{” exp(ivk,z) + o' exp(—ivk,z))

+6(z)(BY" explive,z) + B exp(—ivk,z)), v==1,
— ) 1/2
<1 =(pi=m?) (AL11)
) =31+ (vk,+ Vy)/ vk,] exp(ive, L —ivk L),
B =41% (vky— Vo) vk Jai” +H1F (vky+ Vo) v Ja .
Some relationships for the coefficients 8.’ used in this paper are given:

|B(—Vl)12 =(1- ‘B‘lV)|2)(K1 —vpo)/ (K + vpo),
BB+ BHY B (k1 + vpa) (k1 — vp) =0, (A1.12)
By =BT, BV =BTk + po)/ (k1 = po) T

The constants v, v, and d, are expressed by

(1) 1_ (1) )
v =%, = 1Pt 1)/ (P ),
e 1 (A1.13)

|d,* = (1+[BY"))/ 16781 |ki| po— vy .

Appendix 2. The potential well and the steady electric field

We present the solution of equation (A1.4) in the field
V==V,0(z+L)0(—z)—e,€z6(z) (A2.1)

at pi<m?®. Taking into account that the continuity conditions (A1.6) are also valid
for the field (A2.1) we obtain the following formulae for the wave electron function

Gpoo(z, ) =e""'P, . (2),
Fpal2) = 5_ucr(i d/dz){0(—z—L)e**+6(z+L)8(~z)(&, e"* " +a_, eAiKEZ)
+60(2)[ 12 () + 22, (im)]}, (A2.2)

where the quantities x,, «,, and a, are defined by the equalities (A1.7) and the rest
of the notation has the following meaning: 2_;,(n) and 2,, ,(in) are the parabolic
cylinder functions,

A =m?/2e,€, n=e "¢, {=2(2e08) 3 (po+e,€2),
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. . d .
= em\/z(i(al +ay) E;"; Dir-1(ino)

+ei"/4(2eog)_l/2['<2(d1 - d—x) - VO(&I + 07—1)]@./\—1(“70)) s

= —e™2i(a, + a-1)(d/dno) D_ir (o) + e”“(zeo%})_l/z (A2.3)
X[Kap(dy=d_y) = Vo(dy+a-1)]1D-ix(n0)} 0= 1l:=0,
187 =e™ *(4m|c,[Pm?) "
The constants ¢, and ¢, are related by the equality (at ps=Re pp)
A2 =lelf* (A2.4)

The following normalisation conditions are carried out

J' dz d);(’)a’(z)‘bpocr(z)=80’U8(p(l)—p0)' (AZS)
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